EXAMPLE 54

At low velocities (laminar flow), the volume flow @ through a small-bore wbe is a func-
tion only of the wbe radins R, the fluid viscosity p., and the pressure drop per unit tube
length dpfdy. Using the pi theorem, find an appropriate dimensionless relationship.

Solution

Write the given relation and count variables:
0=/(Rp2) fourvar =
— - i jour variables (n = 4)

Make a list of the dimensions of these variables from Table 5.1 using the (MLT] system:

o | » | I | dpldx
wry | w | ooy | opery

There are three primary dimensions (M, L, T), hence § = 3. By trial and error we determine
that R, p, and dpldx cannot be combined into a pi group. Then fj=3, andn = j=4=3= L.
There is only one pi group, which we find by combining @ in a power product with the
other three:

0, = R %) Q' = (LfML™'T WML T3’ T ")

=ML'T"
Equate exponents:
Mass: b+ e =0
Length: a=b=2c+3=0
Time: =b=2c=1=0

Solving simultaneously, we obtain @ = =4, b= 1, and ¢ = = 1. Then
-1
I, = R_dﬂ(%) e

Q

of I, = —=£— = const Ans.
' Ridp/dr)

Since there is only one pi group, it must equal a dimensionless constant. This is as far as

dimensional analysis can take us. The laminar flow theory of Sec. 4.10 shows that the value

of the constant is —§.




EXAMPLE 5.5

Assume that the tip deflection § of a cantilever beam is a function of the tip load P, beam
length L, area moment of inertia [, and material modulus of elasticity E: that is, § = f{P,
L, I. E). Rewrite this function in dimensionless form, and comment on its complexity and
the peculiar value of 5.

Solution

List the variables and their dimensions:

S|F|L|r|£

i | ey | o | oy |y

There are five variables (n = 5) and three primary dimensions (M, L, T), hence j = 3. But
Iry a8 we may, We cannof find any combination of three variables that does not form a pi
group. This is because [M] and {T] occur only in P and E and only in the same form,
{MT*}. Thus we have encountered a special case of j = 2, which is less than the number
of dimensions (M, L, T). To gain more insight into this peculiarity, you should rework the
problem. using the (F, L, T) system of dimensions. You will find that only {F) and {L)
occur in these variables, hence j = 2.

With j = 2, we select L and E as two variables that cannot form a pi group and then add
other variables o form the three desired pis:

I, = LSBT = (Ly"(ML™'T 3% (LY) = Mo
from which, after equating exponents, we find that a = =4, b =0, or 1, = J/L*. Then
I, = ["E*P' = (LY(ML™'T 2 MLT?) = ML°T®
from which we find a = =2, b = =1, or I, = PIEL?), and
I, = L7E%8" = (LP(MLT'T3L) = MOLoT?



Step 1

Step 2

Step 3

Step 4

Step 5

EXAMPLE 5.2
Repeat the development of Eq. (5.2) from Eq. (5.1), using the pi theorem.

Solution
Write the function and count variables:
F=AfL U p, ) there are five variables (n = 5)
List dimensions of each variable. From Table 5.1
R B R
{MLT %} | {5} | {LT"} | {ML™%} I {ML™'T'}

Find j. No variable contains the dimension ©, and so j is less than or equal to 3 (MLT). We in-
spect the list and see that L, U, and p cannot form a pi group because only p contains mass and
only U contains time. Therefore j does equal 3, and n— j=5 — 3 =2 = k The pi theorem
guarantees for this problem that there will be exactly two independent dimensionless groups.

Select repeating j variables. The group L, U, p we found in step 3 will do fine.

Combine L, U, p with one additional variable, in sequence, to find the two pi products.

First add force to find I1,. You may select any exponent on this additional term as you please,
to place it in the numerator or denominator to any power. Since F'is the output, or dependent,
variable, we select it to appear to the first power in the numerator:

I, = L*UPp°F = (DALT Y ML~ MLT?) = ML°T°

Equate exponents:

Length: a+b=3c+1=10
Mass: c+1=0
Time: =b -2=0

We can solve explicitly for

Therefore

F
pLFL?

m=LU% 'F= = Cr Ans.

This is exactly the right pi group as in Eq. (5.2). By varying the exponent on F, we could have
found other equivalent groups such as ULp"%/F2,
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Finally, add viscosity to L, U and p to find II;. Select any power you like for viscosity. By
hindsight and custom, we select the power —1 to place it in the denominator:

M, = L™ = IALT YYML (ML~ T Y~ = MI°T°

Equate exponents:

Length: a+b=3c+1=0
Mass: c—=1=0
Time: -b +1=0
from which we find
a=h=c=1
Therefore I, = 'MApn~t = pUL _ Re Ans.
In

We know we are finished; this is the second and last pi group. The theorem guarantees that the
functional relationship must be of the equivalent form

F pUL
= Ans.
plPI? 5 [ n )

which is exactly Eq. (5.2).

EXAMPLE 5.3

Reduce the falling-body relationship, Eq. (5.5), to a function of dimensionless variables. Why
are there three different formulations?

Solution

Write the function and count variables
S=1t S5, V. g five variables (n=5)

List the dimensions of each variable, from Table 5.1:

s | o | s | % | 4
{L} | {n | {L} | LT | {LT™%)

There are only two primary dimensions (L, T), so that j= 2. By inspection we can easily
find two variables which cannot be combined to form a pi, for example, 1}, and g. Then j=
2, and we expect 5 — 2 = 3 pi products. Select j variables among the parameters S, Vp. and
2. Avoid S and ¢ since they are the dependent variables, which should not be repeated in pi
groups.

There are three different options for repeating variables among the group (5, V. g). There-
fore we can obtain three different dimensionless formulations, just as we did informally with the
falling-body equation in Sec. 5.2. Take each option in turn:



1. Choose S5 and 1 as repeating variables. Combine them in turn with (5, £ 2):
I, =SSV =75V Ii=g'SVs

Set each power product equal to I°7", and solve for the exponents (a, b, ¢, d e, f). Please
allow us to give the results here, and you may check the algebra as an exercise:

a=-1 b=0 c=-1 d=1 e=1 f=-2

P P TS —q=5D
]._.[1 5* .S;] ng ~ SD l-[g 3 [%

Thus, for option 1, we know that $* = fen(r*, o). We have found, by dimensional analy-
sis, the same variables as in Eq. (5.10). But here there is no formula for the functional re-
lation — we might have to experiment with falling bodies to establish Fig. 5.1a.

2. Choose Vj and g as repeating variables. Combine them in turn with (5 £ 5):
1_.[|=.S‘V€gb H2=!li}rngd l_l3=.S}:,V§gf

Set each power product equal to L°7", and solve for the exponents (a, b, ¢, d, e, f). Once
more allow us to give the results here, and you may check the algebra as an exercise.

a=-2 b=1 ¢=-1 d=1 e=1 f=-2
S g 5

n =S‘*= n:f*: r_[: -
1 12 2 Vo 3T o V2

Thus, for option 2, we now know that $** = fen(f**, o). We have found, by dimensional
analysis, the same groups as in Eq. (5.12). The data would plot as in Fig. 5.15.

3. Finally choose 5 and g as repeating variables. Combine them in turn with (S £ 15):

Set each power product equal to IT° and solve for the exponents (a, b, ¢ d, e, f). One
more time allow us to give the results here, and you may check the algebra as an exercise:

1 1
a=—-1 b=0 c=-3 d=3 e=-3 f=-3

= Vﬂ

S g
M=S**== [h=p>*=1]2 M=g=
S My et

Thus, for option 3, we now know that §*** = fen(#**, g = ING}. We have found, by di-
mensional analysis, the same groups as in Eq. (5.14). The data would plot as in Fig. 5.1c.

Ans.

Dimensional analysis here has yielded the same pi groups as the use of scaling parameters
with Eq. (5.5). Three different formulations appeared, because we could choose three different
pairs of repeating variables to complete the pi theorem.

EXAMPLE 5.4

At low velocities (laminar flow), the volume flow @ through a small-bore tube is a function only
of the tube radius R, the fluid viscosity u, and the pressure drop per unit tube length dp/dx. Us-
ing the pi theorem, find an appropriate dimensionless relationship.
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Solution

Write the given relation and count variables:
0= 1'(1?, , i;%) four variables (n = 4)

Make a list of the dimensions of these variables from Table 5.1:

o | & | w |
{I*T'} | {L} | {MLT'T™"} | {ML™ET™%)
There are three primary dimensions (M, L, 7). hence j = 3. By trial and error we determine that

R, i, and dp'dx cannot be combined into a pi group. Then j= 3, and n — j=4 — 3 = L. There
is only one pi group, which we find by combining ¢ in a power product with the other three:

I, = R‘M’(%)CQ‘ = (DML T Y ML 2T BT Y

= M7
Equate exponents:
Mass: b+ ¢ =0
Length: a—b=-2c+3=0
Time: -b-2c-1=10

Solving simultaneously, we obtain a= —4, b= 1, c= —1. Then

_ pea,afdpy?
I, rp(dx) Q

or = const Ans.

= Qu
R (dp/dy)

Since there is only one pi group, it must equal a dimensionless constant. This is as far as dimensional
analysis can take us. The laminar-flow theory of Sec. 6.4 shows that the value of the constant is m/8.

EXAMPLE 5.5

Assume that the tip deflection 8 of a cantilever beam is a function of the tip load P. beam length
I, area moment of inertia I, and material modulus of elasticity E: thatis, § = (P, L, I, E). Rewrite
this function in dimensionless form, and comment on its complexity and the peculiar value of j

Solution

List the variables and their dimensions:

5|P‘L|I|E

{L} | {MLT™%} | {L} | {I'} | {ML™'T%}



There are five variables (7 = 5) and three primary dimensions (M, L. T), hence j = 3. But try as
we may, we cannot find any combination of three variables which does not form a pi group.
This is because {M} and { T} occur only in Pand E and only in the same form, {MT%}. Thus
we have encountered a special case of j= 2, which is less than the number of dimensions (M,
L, 7). To gain more insight into this peculiarity, you should rework the problem, using the (F,
L, T) system of dimensions.

With j= 2, we select L and F as two variables which cannot form a pi group and then add
other variables to form the three desired pis:

I, = L*E*F = (DML' THHLY) = MLT°
from which. after equating exponents, we find that a= -4, b=0, or I, = IL'. Then
I, = LI*EP' = (DAML™' T 3NMLT?) = ML'T°
from which we find a= -2, b=-1, or I, = PIELY, and
s = L"E%" = (D*ML™'T 3D = ML°T

from which a = —1, b= 0, or II; = &L The proper dimensionless function is 1, = f(Il;, I1,),
or

8_4 L2 L :
L _’(EH' L‘) Ans
This is a complex three-variable function, but dimensional analysis alone can take us no further.
We can “improve” Eq. (1) by taking advantage of some physical reasoning, as Langhaar
points out [8, p. 91]. For small elastic deflections, & is proportional to load P and inversely
proportional to moment of inertia I Since P and I occur separately in Eq. (1), this means

that IT; must be proportional to II; and inversely proportional to I1,. Thus, for these con-
ditions,

3 _ (comsty 2L
L EI? I
P
or (const) 5 (2)

This could not be predicted by a pure dimensional analysis. Strength-of-materials theory pre-
dicts that the value of the constant is 1.




Part (a) Step 1

EXAMPLE 5.6

The capillary rise & of a liquid in a tube varies with tube diameter d, gravity g fluid density p,
surface tension Y, and the contact angle 8. (a) Find a dimensionless statement of this relation.
{(B) If =3 cm in a given experiment, what will /& be in a similar case if the diameter and sur-
face tension are half as much, the density is twice as much, and the contact angle is the same?

Solution

Write down the function and count variables:
h=fd gp X, 6 n = b variables



Step 2

Step 3

Step 4
Step 5

Step 6

Part (b)

List the dimensions { FLT} from Table 5.2:
b | od | g | e | ¥ | e
i | | owrn | ey | ey | none

Find j. Several groups of three form no pi: Y, p, and gor p, g and d Therefore j= 3, and we
expect 1 — j= 6 — 3 = 3 dimensionless groups. One of these is obviously @ which is already
dimensionless:

My=1#n Ans. (a)
If we had carelessly chosen to search for it by using steps 4 and 5, we would still find [T, = &
Select j repeating variables which do not form a pi group: p, g d
Add one additional variable in sequence to form the pis:
Add I I, = p'g’dFh = (FTL™YYLT X 0L = FLT°
Solve for

a=h=0 c==1
Thesefors I, = Pdd ' =% Aus (2)

Finally add Y, again selecting its exponent to be 1:
Iy = p'gbd™Y = (FTE LY LT )Y DSFL™Y) = PI'T

Solve for
a=h==1 ¢==2
-1 -~ Y
Therefore My=p g 'd Y = Ans. (a)
z=p g P
The complete dimensionless relation for this problem is thus
h Y
==Ff—1# Ans. fa) (1)
d |\ pgd )

This is as far as dimensional analysis goes. Theory, however, establishes that f is proportional
to Y. Since Y occurs only in the second parameter, we can slip it outside

('_";)md=$-ﬂ{ﬂ} or i"‘:'tiﬂ=ﬁ{ﬂl

Example 1.9 showed theoretically that F(6) = 4 cos 4.

We are given By for certain conditions dy, Y. py. and 8. If fy = 3 cm, what is & for &b = 3d). Y, =
1Yy pe = 2py, and 8 = #,7 We know the functional relation, Eq. (1), must still hold at condition 2

=T %)

Yy 1Yy Y,

BT Zpgd) | pigdh

But




EXAMPLE 5.3

The power input P to a centrifugal pump is a function of the volume flow @, impeller diam-
eter D, rotational rate £}, and the density p and viscosity p of the fluid:

P =fQ, D, O p, p)

Rewrite this as a dimensionless relationship. Hinr: Use £}, p, and D as repeating
variables.



