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5.6 ANALYSIS OF SECOND-ORDER SYSTEM 

Figure 5.14 shows a general second-order system. 

 

 

 

 

Fig. 5.14 Second-order system 

From Fig.  5.14  

                                  (5.24) 

                                (5.25) 

Let us study the effect of pole location before finding the unit step response. To find 

the poles of closed loop transfer function of Fig. 5.14, let us put 

                    (5.26) 

From Eq. (5.26), the following conclusions can be drawn:  
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5. 7 Effect of ξ On Second-Order System 

Let us analyse the effect of ξ, on pole location as well as response of second-order 

systems. 

5.7.1 Effect of ξ on pole location 

(i) Case 1: 0 < ξ < 1 

(a) The poles are complex conjugates of each other and are given by 

 

(b) The poles are located on the second and third coordinates due to the existence of 

both real and imaginary parts. 

(c) The response is underdamped. 

(ii) Case 2: ξ = 1 

(a) The poles are real and equal. The poles are s1=s2= -ξwn 

(b) They lie on the negative a-axis. 

(c) The response is critically damped 

(iii) Case 3: ξ > 1 

(a) The poles are real and unequal. These are given by 

 

(b) Since there are no imaginary terms (ξ > 1), the poles lie on the negative a-axis and at 

unequal places. 

(c) The response is overdamped. 

(iv) Case 4: ξ = 0 

(a) The poles are complex with only the imaginary part and lie on jw axis. The poles are 

conjugates of each other. 

(b) The poles are given by s1=s2= jwn 

(c) The response is undamped. 

(v) Case 5: 0 > ξ > -1 

(a) Since ξ, is negative, the poles are given by 
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(b) If real parts of poles are positive, the poles lie on the right half plane (RHP) of S-plane. 

(c) This is an unstable condition. 

(vi) Case 6: ξ = -1 

(a) The poles are given by s1, s2 = ξwn, ξwn 

(b) The poles are located in the RHP of S-plane. 

(c) The system is unstable. 

(vii)Case 7: ξ < - 1 

 

(a) The poles are given by 

(b) The poles are located in the RHP of S-plane. 

(c) The system is unstable 

Figure 5.15 shows the location of poles for a second-order system for above cases 

 

                                 Fig. 5.15 Effect of ξ on pole location 

 

Figure 5.16 shows ξ and nature of response. 
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Fig. 5.16 ξ and nature of response 

5.7.2 Effect of ξ on Nature of Response 

Let us obtain the solution for response c (t) to a unit step input [r(t) = u(t)]. 

The Laplace transform of r(t) is given by 

                                                                                                    (5.27) 

Using Eq. (5.25), we get, from Eq (5.27), 

                      (5.28) 

Case 1: Underdamped Case (0 < ξ < 1) 

From Eq (5.28) it can be written as 

 

                                                                                                                              (5.29) 

  

 

Where                                                                                                                    (5.30) 
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Fig. 5.17 Underdamped 

Case 2: Critically Damped (ξ = 1) 

For critically damping the roots are real and equal. Substituting ξ = 1 in Eq. (5.28), we 

get 

 

                                                                                                                       (5.31) 

 

From Fig. 8.21 depicts c(t) versus t where c(t) has been given in equation (5.31). 

 

Fig. 5.18 Critically damped 

Case 3: Overdamped Case (ξ >1) 

From Eq. (5.28), 
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Fig. 5.19 Overdamped 

(iv) Case 4: Undamped (ξ = 0) 

Substituting ξ = 0 in Eq. (5.28), we get 

                                                    (5.32) 

 

Fig. 5.20 Undamped  

Case 5: Negative Damping (0 > ξ > - 1) 

From Eq. (5.28) 

 

where the poles are 0 , a ± jb ( a , b > 0 ). 

                                      (5.33) 

Figure 5.21 shows the plot of c(t) versus t 
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Fig. 5.21 Negative damping (0 > ξ > - 1 ) 

Case 6: Negative Damping (ξ = -1) 

From Eq. (5.28), it can be written as 

        (5.34) 

 

Fig. 5.22 Negative Damping (ξ = -1) 

Case 7: Negative Damping (ξ < -1) 

From Eq. (5.28), 

 

Fig. 5.23 Negative damping (ξ < - 1 ) 
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5.8 Derivation of Time Response Specifications 

Figure 5.2 shows the plot of c(t) versus t for unit step input and different transient 

response specifications have also been pointed in Figure 5.2. 

5.8.1 Delay Time (Td) 

The time required to reach 50% of output is known as delay time. 

 

                                        

                                                                                                               (5.35) 

5.8.2 Rise Time (Tr) 

Since the system is underdamped, therefore, 

c(t) = 1 at t = Tr 

From Eq (5.29), 

                                                                                          (5.36) 

5.8.3 Peak Time (Tp) 

 

                                                                                                               (5.37) 

The first over short is obtained for n = 1 and the second overshoot is obtained for n = 2. 

5.8.4 Peak Overshoot (Mp) 

 

                                                                                                             (5.38) 

                                           

                                                             (5.39) 

5.8.5 Settling Time (Ts) 

For a 2% criterion, 

                                                                                                             (5.40) 
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Example 5.2: 

 

 


