Sampling Theorem

The sampling rate higher than highest frequency of modulating signal creates a guard band between sampled spectrum .
Therefore, a more practical LPF can be used to restore the modulating signal.

Y(w) 4 Guardband
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/\ / \‘ V\ /\over sampling
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fs < 2fm
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-Ws 0 Ws 2Ws }

The overlapped region in case of under sampling represents aliasing effect, which can be removed by considering f, >2f,
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Sampling Types

There are three sampling methods:
* Ideal - an impulse at each sampling instant
* Natural - a pulse of short width with varying amplitude
* Flat top - sample and hold, like natural but with single amplitude value
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Consider a band-limited signal f{#) having no spectral components above f,,=B Hz. ‘ D) F( O))/h

»

0

r  2nB 2nB
The signal is sampled using the periodic gate function pr(¢). As pr(¢) 1s a periodic signal, it can be represented by a Fourier series.
pr (1) = ZPHeJ”""” o, =2x/T
— H T L,

_ S(‘)_Sinx pr(1) e I
P =—S8Sa(nrnr/T) e | | | | .

A t o, 0]
The sampled signal /. () is AR e

J.()=f@)p (1)
— ](*(’) ZP”ejn(')ol‘

n=—o

Taking the Fourier transform, we have ‘
F(®)=F{f(t) Y Pe" f(1) F (@) PF(m)

— ZP]— :_f’(f)c"' : (Linearnty ]—D—FA l H N ii ‘z V\

= Z PF(®o—-nom,) (frequency

-PF(o-0,)
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Proof

Therefore, the spectral density of the sampled signal is, within a constant factor, exactly the same as that of . In addition, it
repeats itself periodically. The spectral density of the original signal can be retrieved by using a LPF on F(w.

However, if the sampling period 7>1/2B (f, <2 f,,,) the replicas of will overlap and we cannot retrieve F(w ) from Fy(W )

F (o) PF(w) F(®) PF(o) k(o) (o)
) | S 70 , D AR L ‘ )
0
w,=2x/T>4nB w =2r7/T =4xB 0,=2r/T o, =2x/T <47B

I'<1/2B I'=1/2B r'>1/2B

fo >21,) fs =2 fum) fs <2 fum)
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Sampling Theorem

What is the minimum sampling frequency required for sampling a 10kHz sinusoid signal?

Example
fs min > 2 f,.=20 kHz
Example What is the minimum sampling frequency required for sampling a voice signal (0-3.3) kHz sinusoid signal?
fsmin > 2 f,=6.6 kHz In practice sampling frequency is 8 kHz
Example What is the minimum sampling frequency required for sampling audio signal with (0-20) kHz sinusoid signal?

femin >2 f, =40 kHz

In practice sampling frequency for encoding music into CD i1s 44.1 kHz

Example Determine the minimum sampling rate(Nyquist rate) for CT signal

s(t) = 5 cos (50mtt) + 20 sin (3007tt)—10 cos (1007t)

Solution fi=wi/2n = 50n/2n = 25 Hz, f,= w,/2n = 300n/2n = 150Hz
f3=w3/2n = 100n/2n = 50Hz;

Here, highest frequency component=150Hz

Hence Nyquist rate=2*150Hz=300Hz

Note: If signal has more than one frequency, the highest frequency is taken when considering sampling
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Sampling Theorem

Example : find the Nyquist rate and Nyquist interval of the continuous-time signal given below

1
s(t) = Py cos (40007tt) cos (10007tt)
T
Solution: Signal can be written as

s(t) = %% [cos (40007t + 10007tt) + cos (40007tt— 10007t)]
Tt

s(t) = ﬁ [cos (50007t) + cos (30007tt) = Al Cost (wm1) + A2 Cos(wm?2)

wml 50007

f1-2 9500 s fp = @m2 _ 3000w
T

=1500 H
27 27 27 z

The heights frequency of given Signal can be written as

fmax = Max|[f1, f2] =2500 Hz

Then Nyquist rate =2 X fmax=2 x 2500 = 5000 Hz

1 1

. = =2 X 10—4 =200 miliseconds
Nyquist rate 5000

Nyquist interval=
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Sampling Theorem

Question: Calculate the Nyquist rate in rad/sec and in Hz.

om(t) = 2sindritcosgmt  JOs= 2R = 2fm = Ws/a7
~~— A =1
My = XL+ oAb

‘:‘> MLt) = m|Lt)-mL(t)
2 ssnAcosfh = :‘;’ML/H@J%‘;MU\‘BJ | l |

Y * N w‘l i L“DSL
MLE) = smUrerl:) } Gnl4nt-2t)

My = Simerb + st

Sin 4 B
W“GYT We=271 S W, YW > Wm=W = C7A / TE 3 =4y

. ot D I.n)m?_:b]'

Ny = 20w = 17 Y“]/,istb

) WS - ¢n
di o N = %13245&' = &6 Az W4 = 47
Homework: wm(t) = cos200tt.cos100Ttt V::s =: q,ln l::, :4
Find the Nyquist rate in Hz. ot

fer
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Sampling Theorem

Question: Let x(t) be a signal with Nyquist rate ws. Determine the Nyquist rate for each

of the following signals:
1. x(t) + x(t-1)

2. dx(t)/dt

3. xz(t)

4. x(t)cos(wst)

4
X)) — NR = W5 L)

— V\D)

~ ~
1. MBH=K(L) + 2t -1) —nNR=2

bood ok

Solution:

%

= 2(t-1)

Wi

O

2- WM = Y*wW = buw)
ALE) — W

[‘KLH)Y\ — AxWs

NR = 2XWs
M, LE) - MLY) NR = 2wWs
1Y) cos (W) a
L L

2\

A ok el



Pulse Analog Modulation : Pulse Amplitude Modulation (PAM)

Pulse-amplitude modulation (PAM), is the simplest form of analog pulse modulation. PAM i1s a form of signal
modulation where the message information 1s encoded in the amplitude of a series of signal pulse. It is an analog
pulse modulation scheme in which the amplitudes of a train of carrier pulses are varied according to the sample
value of the message signal. Demodulation is performed by detecting the amplitude level of the carrier at every

single period by using low pass filter.

1. Instantaneous sampling of the message signal m(?) every T seconds, where the sampling rate f, = 1/T is
chosen in accordance with the sampling theorem.

* 2. Lengthening or Holding the duration of each sample so obtained to some constant value 7. These two
operations are jointly called “sample and hold.”

* The PAM signal 1s then sent by either wire or cable or it 1s used to modulate a carrier.

There are two classes of PAM signals: PAM that uses natural sampling (gating) and PAM that uses
instantaneous sampling to produce a flat-top pulse. The flat-top type 1s more useful for conversion to PCM;
however, the naturally sampled type 1s easier to generate and 1s used in other applications.
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Generation of PAM

A PAM signal is generated by using a pulse train, called the sampling signal (or clock signal) to operate an electronic switch or
"chopper". This produces samples of the analog message signal

MESSAGE
SIGNAL — PAM SIGNAL
|
SWITCH CLOSED —» o
SWITCH OPEN —»
SAMPLING
SIGNAL

Natural sampling — generation of PAM signals.

The switch is closed for the duration of each pulse allowing the message signal at that sampling time to become part of the
output. The switch is open for the remainder of each sampling period making the output zero. This type of sampling used
here is the natural sampling.
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