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Properties of the Continuous-time Fourier transform
Multiplication
The multiplication property is the dual property of convolution and is referred to as the frequency convolution theorem. Thus,
multiplication in time domain becomes convolution in the frequency domain.
Parseval's Relations for Fourier transform
Equation above is called Parseval’s identity (or Parseval’s theorem) for the Fourier transform. Note that the quantity on the left-
hand side of this Eq. is the normalized energy content E of x(t). Parseval's identity says that this energy content E can be
computed by integrating 𝑿(𝝎)𝟐  over all frequencies ω. For this reason, 𝑿(𝝎)𝟐 is often referred to as the energy-density
spectrum of x(t), and Eq. above is also known as the energy theorem. Table below contains a summary of the properties of the
Fourier transform presented in this section. Some common signals and their Fourier transforms are given in second Table.
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Properties of Fourier TransformCommon Fourier Transform Pair
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Discrete Time Fourier Transform (DTFT)
We now consider the frequency domain representation of discrete-time signals that are not necessarily periodic. For continuous-
time signals, we obtained such a representation by defining the Fourier transform of a signal x(t), as

𝑿 𝝎 =𝓕 𝒙 𝒕 =
∞

−∞

𝒙 𝒕 𝒆−𝒋𝝎𝒕 𝒅𝒕

For discrete-time signals, we consider an analogous definition of the Fourier transform (DTFT)

𝑿 Ω =𝓕 𝒙[𝒏] =
∞

𝒏=−∞
𝒙 𝒏  𝒆−𝒋Ω 𝒏

It is important to note here that X(Ω) is periodic with period 2π. According to above definition, it follows that

𝑿 Ω + 𝟐𝝅 =
∞

−∞
𝒙 𝒏  𝒆−𝒋(Ω+𝟐𝝅) 𝒏=

∞

−∞
𝒙 𝒏  𝒆−𝒋Ω𝒏𝒆−𝒋𝟐𝝅𝒏= 𝑿 Ω

As a consequence, we have to consider values of Ω only over the range [0, 2π]. Furthermore, Ω is continuous, this fact makes
the spectrum of X(Ω) continuous and periodic function of Ω with period 2π.
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Inverse Discrete Time Fourier Transform (DTFT)
To find the inverse relation between X(Ω) and x[n], we replace the variable n by m to get

𝑿 Ω =
∞

𝒎=−∞
𝒙 𝒎  𝒆−𝒋Ω 𝒎

Now multiply both sides by e jΩn and integrate over the range [0, 2π] to get
 

𝟐𝝅 
𝑿 Ω 𝒆−𝒋Ω 𝒏𝒅Ω=

 

𝟐𝝅

∞

𝒎=−∞
𝒙 𝒎  𝒆𝒋Ω (𝒏−𝒎) 𝒅Ω

Interchanging the orders of summation and integration then gives
 

𝟐𝝅 
𝑿 Ω 𝒆−𝒋Ω 𝒏𝒅Ω=

∞

𝒎=−∞
𝒙 𝒎  

 

𝟐𝝅
𝒆𝒋Ω (𝒏−𝒎) 𝒅Ω

It can be verified that

We can, therefore, write the inverse DTFT as

𝒙 𝒏 = 𝟏
𝟐𝝅

𝟐𝝅

𝟎
𝑿 Ω 𝒆𝑗Ω𝑛 𝒅Ω= 𝟏

𝟐𝝅

𝝅

−𝝅
𝑿 Ω 𝒆𝑗Ω𝑛𝒅Ω

The amplitude and phase spectra are periodic with a period of 2π and thus the frequency range of any discrete signal is limited
to the range (–π, π] or (0,2π].
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DTFT- Example
Example: find DTFT for x(n)= δ(n)

Solution: 𝑿 Ω =
∞

𝒏=−∞
𝒙 𝒏  𝒆−𝒋Ω 𝒏=

∞

𝒏=−∞
𝜹 𝒏  𝒆−𝒋Ω 𝒏 = 𝒆−𝒋Ω (𝟎) = 𝟏

𝜹 𝒏  
𝑫𝑻𝑭𝑻

  1
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DTFT- Example
Example: find DTFT for x(n)= 𝛼𝑛 𝑢 𝑛             𝛼 < 1

Solution: 𝑿 Ω =
∞

𝒏=−∞
𝒙 𝒏  𝒆−𝒋Ω 𝒏=

∞

𝒏=−∞
𝜶𝒏 𝒖[𝒏]𝒆−𝒋Ω 𝒏 =

∞

𝒏=𝟎
(𝜶 𝒆−𝒋Ω )𝒏  = 𝟏

𝟏−𝜶 𝒆−𝒋Ω

This a geometric progression with a common ratio 𝜶 𝒆−𝒋Ω, therefore
𝑿 Ω = 𝟏

𝟏−𝜶 𝒆−𝒋Ω
= 𝟏
𝟏−𝜶 𝒄𝒐𝒔Ω + 𝒋𝜶 𝒔𝒊𝒏 Ω

𝑿 Ω = 𝟏

(𝟏−𝜶 𝒄𝒐𝒔Ω)𝟐 + (𝜶 𝒔𝒊𝒏 Ω)𝟐
= 𝟏

𝟏 + 𝜶𝟐−𝟐𝜶 𝒄𝒐𝒔Ω

The phase is given by
𝒂𝒓𝒈(𝑿 Ω) = − tan−𝟏 𝜶𝒔𝒊𝒏 Ω

𝟏−𝜶 𝒄𝒐𝒔Ω

Note that the spectra are continuous and periodic functions of Ω with
the period 2π. The magnitude spectrum is an even function and the
phase spectrum is an odd function of Ω

Figures plotted for 𝛼 = 0.8
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Inverse DTFT- Example
Example: Find the inverse DT Fourier transform of the rectangular pulse spectrum shown in Figure below. Plot the time
domain signal.

Solution:
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Properties of the Discrete-Time Fourier Transform
Basic properties of the Fourier transform are presented in the following. There are many similarities and several differences from
the continuous-time case.

Periodicity: 𝑿 Ω + 𝟐𝝅 = 𝑿 Ω
As a consequence of this equation, in the DT case we have consider values of Ω (rad) only
over the range 0 ≤ Ω < 𝟐𝝅 or −𝝅 ≤  Ω <  𝝅, while in CT case we have to consider ω(rad/sec)
over the entire range −∞  <  𝝎 <∞
Linearity: 𝒂𝟏 𝒙𝟏 𝒏 + 𝒂𝟐 𝒙𝟐 𝒏  

𝑫𝑻𝑭𝑻
  𝒂𝟏 𝑿𝟏 Ω + 𝒂𝟐 𝑿𝟐 Ω

Time Shifting: 𝒙 𝒏−𝒏𝟎  
𝑫𝑻𝑭𝑻

 𝒆−𝒋Ω𝒏𝟎  𝑿  Ω

Frequency Shifting: 𝒆−𝒋𝒏Ω𝟎 𝒙 𝒏  
𝑫𝑻𝑭𝑻

  𝑿  Ω−Ω𝟎

Conjugation : 𝒙∗ 𝒏  
𝑫𝑻𝑭𝑻

  𝑿∗ −Ω

where * denotes the complex conjugate.
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Properties of the Discrete-Time Fourier Transform
Time Reversal: 𝒙  −𝒏  

𝑫𝑻𝑭𝑻
  𝑿  −Ω

Time Scaling:
As mentioned before, the scaling property of a continuous-time Fourier transform is expressed
as

𝒙(𝒎) 𝒏  
𝑫𝑻𝑭𝑻

  𝑿  𝒎 Ω

However, in the discrete-time case, x[an] is not a sequence if a is not an integer. On the other
hand, if a is an integer, say a = 2, then x[2n] consists of only the even samples of x[n]. Thus,
time scaling in discrete time takes on a form somewhat different from above equation.
Let m be a positive integer and define the sequence

This equation is the discrete-time counterpart of continuous time case. It states again the
inverse relationship between time and frequency. That is, as the signal spreads in time (m > 1),
its Fourier transform is compressed. Note that X(mΩ) is periodic with period 2π/m since X(Ω)
is periodic with period 2π.

Then we have
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Properties of the Discrete-Time Fourier Transform
𝒏 𝒙  𝒏  

𝑫𝑻𝑭𝑻
  𝒋 𝒅𝑿(

 Ω)
𝒅Ω

Differentiation in Frequency:
𝒙  𝒏 −𝒙  𝒏−𝟏

𝑫𝑻𝑭𝑻
   𝟏−𝒆−𝒋Ω 𝑿  ΩDifferencing

The sequence we 𝒙  𝒏 −𝒙  𝒏−𝟏 is called the first difference sequence. Equation above is
easily obtained from the linearity and time shifting properties.

Accumulation 𝒏

𝒌=−∞
𝒙[𝒌]

 

 
𝑫𝑻𝑭𝑻

  𝝅 𝑿 𝟎  𝜹 Ω + 𝟏
𝟏−𝒆−𝒋Ω   𝑿(

 Ω)       Ω ≤ 𝝅

Note that accumulation is the DT counterpart of integration. The impulse term on the right
hand side in above Eq. reflects the DC or average value that can result from the accumulation.

Convolution 𝒙𝟏 𝒏 ∗ 𝒙𝟐 𝒏  
𝑫𝑻𝑭𝑻

 𝑿𝟏 Ω  𝑿𝟐 Ω

The convolution in time domain is the multiplication in frequency domain. The convolution
plays an important role in the study of discrete-time LTI systems.

Multiplication 𝒙𝟏 𝒏  𝒙𝟐 𝒏  
𝑫𝑻𝑭𝑻

 𝑿𝟏 Ω ∗ 𝑿𝟐 Ω

Where * denotes the periodic convolution defined by
𝑿𝟏 Ω  ∗  𝑿𝟐 Ω =

 

𝟐𝝅
𝑿𝟏 𝜽   𝑿𝟐 Ω−𝜽  𝒅𝜽
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Common DTFT Pairs Properties of the Discrete-Time Fourier Transform



72EEE313 Communication Systems I

ModulationProperty



The frequency-shifting / modulation property is one of the most important Fourier transform properties as modulation is the basic operationthat underlies all communication systems such as Amplitude Modulation (AM) and Frequency Modulation (FM).

Exercise: Proof that
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Fundamental Concepts: Mode of Communication
Mode of Communication:
 BroadcastingInvolves the use of a single powerful transmitter transmit to many receivers.
Demodulation takes place in the receiver.
Information-bearing signals flow in one direction which is called Simplex communication.Simplex communication is a communication channel that sends information in one direction only.
Examples are TV and radio
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Fundamental Concepts: Mode of Communication

Tow types of point to point communicationIn a full-duplex system, both parties can communicate with each other simultaneously. An example of a full-duplex device is a
telephone; the parties at both ends of a call can speak and be heard by the other party simultaneously because there are twocommunication paths/channels between them.
In a half-duplex system, there are still two clearly defined paths/channels, and each party can communicate with the other butnot simultaneously; the communication is one direction at a time. An example of a half-duplex device is a walkie-talki radio.

Mode of Communication:
 Point to point CommunicationWhere a communication process takes place over a link between a singletransmitter and a receiver.
- Information-bearing signals flow in bidirectional, which requires the useof a transmitter and receiver at each end of the link

https://en.wikipedia.org/wiki/Walkie-talkie
https://en.wikipedia.org/wiki/Walkie-talkie

